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Complex systems profoundly change human activities
of the day. However, it is still unknown how to deal with
complex systems efficiently without confronting NP-hard
problems [1]. Existing concepts of complexity are very
important on many occasions, but they do not explain
how the performance of a system is dependent on its
complexity and whether efficient management of complex
systems may be possible at all.
To address the situation we consider the description of
complex systems in terms of self-organization processes
of prime integer relations [2]. The description is realized through the unity of its two equivalent forms, i.e.,
arithmetical and geometrical. In the arithmetical form a
complex system is characterized by nonlocal correlation
structures defined through self-organization processes of
prime integer relations. In the geometrical form the selforganization processes of prime integer relations become
isomorphically represented by certain transformations of
two-dimensional patterns determining the dynamics of
the complex system.
In preserving a complex system as a whole the equivalence of the forms unites the dynamics and the structure
of the system. The dynamics of a complex system is determined by the spacetime patterns of the parts to fit
precisely into the geometrical patterns of the system. If
this condition is not met, then one or more of the relationships provided by the prime integer relations for the
correlation structures disappear and the complex system
collapses.
The self-organization processes of prime integer relations start with different integers and progress to different levels as a result producing a hierarchical complexity order. A concept of complexity, called the structural
complexity, is introduced to measure the complexity of a
system in terms of self-organization processes of prime integer relations [2]. In particular, the higher the level selforganization processes of prime integer relations progress
to, the greater is the structural complexity of the system,
i.e., under the processes at each level the parts combine
and make up more complex parts at the higher level.
By computational experiments we investigate whether
the performance of an optimisation algorithm for a NPhard problem might behave as a concave function of the
algorithm’s structural complexity [3]. In particular, we
propose an optimisation algorithm A, as a complex system, of N computational agents minimising the average
distance in dealing with the traveling salesman problem.

The extensive experiments are conducted by using a set
P of the benchmark traveling salesman problems [4]. In
the optimisation algorithm A all agents start in the same
city and each agent at each step visits the next city by
using one of the two strategies: a random strategy, i.e.,
visit the next city at random, or the greedy strategy, i.e,
visit the next closest city.
The state of the agents solving a problem with n cities
at step j = 1, ..., n − 1 can be described by a binary
sequence sj = s1j ...sN j , where sij = +1, if agent i =
1, ..., N uses the random strategy and sij = −1, if the
agent i uses the greedy strategy. The dynamics of the
complex system is realized as step by step the agents
choose their strategies and can be encoded by an N ×
(n − 1) binary strategy matrix
S = {sij , i = 1, ..., N, j = 1, ..., n − 1}.
We aim to monotonically change the structural complexity of the optimisation algorithm A forcing it to make
the transition from regular behavior to chaos by perioddoubling. In attempt to realize that we introduce a control parameter v, 0 ≤ v ≤ 1 and change it from 0 to
1 so each agent could mimic the period-doubling route
to chaos. For this purpose in choosing the next strategy
each agent follows an optimal if-then rule. The rule relies
on the Prouhet-Thue-Morse (PTM) sequence
+1 − 1 − 1 + 1 − 1 + 1 + 1 − 1 ...
and has the following description:
1. if the last strategy is successful, continue with the
same strategy.
2. if the last strategy is unsuccessful, consult PTM
generator which strategy to use next.
The change of the control parameter v from 0 to 1 defines a flow in the space of the strategy matrices. The
flow is controlled to have the property of monotonicity of
the structural complexity. Following such a flow the correlation structures of a system experience certain phase
transitions, i.e., the parts of the system combine to make
up more complex parts and so on.
Remarkably, for each problem p ∈ P tested we find
that the performance of the optimisation algorithm A
behaves as a concave function of the control parameter v with the only global maximum at a value v ∗ (p).
We use the global maximums {v ∗ (p), p ∈ P} to probe
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whether an optimality condition determining that for the
optimal performance the structural complexities of the
algorithm A and the problem have to be properly related exists. In particular, from the performance global
maximums {v ∗ (p), p ∈ P} we get the strategy matrices
{S(v ∗ (p)), p ∈ P} and approximate the structural complexities of the optimisation algorithm A and a problem
p as follows.
The structural complexity C(A(p)) of the algorithm A
is approximated by the quadratic trace

of the variance-covariance matrix V (v ∗ (p)) obtained from
the strategy matrix S(v ∗ (p)), where λi , i = 1, ..., N are
the eigenvalues of V (v ∗ (p)). The structural complexity
C(p) of the problem p is approximated by the quadratic
trace
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of the normalized distance matrix
M (p) = {dij /dmax , i, j = 1, ..., n},
where λ0i , i = 1, ..., n are the eigenvalues of M (p), dij
is the distance between cities i and j and dmax is the
maximum of the distances.
To reveal the optimality condition we consider the
points with the coordinates
{x = C(p), y = C(A(p)), p ∈ P}.
The result of their analysis points to a linear relationship between the structural complexities and suggests an
optimality condition of the algorithm A:
If the algorithm A demonstrates the optimal performance for a problem p, then the structural complexity
C(A(p)) of the algorithm A is in the linear relationship
C(A(p)) = 0.67C(p) + 0.33.

The computational experiments raise the possibility of
a general optimality condition of complex systems:
If the structural complexity of a system is in a certain
relationship with the structural complexity of a problem,
then the complex system shows the optimal performance
for the problem.
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Remarkably, the optimality condition combines the dynamics and structure. Namely, if the optimal performance is in place, then according to (1) the structural
complexity equates the dynamics of the algorithm A to
the structure of the problem p, i.e., the distance network
with the vertices as the cities and the edges specifying
the pairwise distances.

(1)

with the structural complexity C(p) of the problem p.
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The general optimality condition presents the structural complexity of a system as a key to its optimisation.
From its perspective the optimisation of a system could
be all about the control of the structural complexity of
the system to make it consistent with the structural complexity of the problem. It would help to know the structural complexity of the problem before the actual computations. In this case the optimality condition could
specify the structural complexity of the system, which
determines its optimal performance. Then, to obtain the
optimal result, the control could be simply tuned for the
system to operate with the required structural complexity.
Importantly, the experiments indicate that the performance of a complex system may indeed behave as a concave function of the structural complexity. Therefore,
once the structural complexity could be controlled as a
single entity, the optimisation of a complex system would
be potentially reduced to a one-dimensional concave optimisation irrespective of the number of variables involved
its description. This might open a way to efficient management of complex systems.
The results also point that classical optimisation algorithms may well approximate efficient quantum algorithms and thus suggest a new perspective on the connection between the classical and quantum domains. In
particular, we note that the optimisation algorithm A
shares a common feature with Shor’s algorithm, which
also significantly relies on the PTM sequence [5].
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